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LOCAL AND GLOBAL PROPERTIES OF LIMIT SETS OF
FOLIATIONS OF QUASIGEODESIC ANOSOV FLOWS

SERGIO R. FENLEY

ABSTRACT. A nonsingular flow is quasigeodesic when all flow lines are effi-
cient in measuring distances in relative homotopy classes. We analyze the
quasigeodesic property for Anosov flows in 3-manifolds which have negatively
curved fundamental group. We show that this property implies that limit sets
of stable and unstable leaves (in the universal cover) vary continuously in the
sphere at infinity. It also follows that the union of the limit sets of all stable
(or unstable) leaves is not the whole sphere at infinity. Finally, under the
quasigeodesic hypothesis we completely determine when limit sets of leaves in
the universal cover can intersect. This is done by determining exactly when
flow lines in the universal cover share an ideal point.

1. INTRODUCTION

This paper concerns the study of the global structure of Anosov flows in 3-
manifolds. If the fundamental group of the manifold is solvable then the flow is
topologically conjugate to a suspension of an Anosov flow as proved by Plante [P12],
[P13] (see also [Bal]). When the manifold is a Seifert fibered space (SFS), Ghys
[Gh] proved that the flow is, up to finite covers, topologically conjugate to the
geodesic flow in the unit tangent bundle of a hyperbolic surface. If the manifold is
a graph manifold, the flow is also fairly well understood [Ba2]. The remaining case
to be understood is when there are some pieces of the torus decomposition of the
manifold which are not Seifert fibered, but have infinite fundamental group (one
cannot have finite fundamental group in the presence of an Anosov flow). When
such a piece is not the whole manifold, it is hyperbolic by Thurston’s geometrization
theorem [Th2]. When such a piece is the whole manifold, it was also conjectured
by Thurston that the manifold is hyperbolic [Th2].

Given this, it is natural to try to understand Anosov flows in closed hyperbolic
3-manifolds. So far this is a very hard problem. There are many examples of
Anosov flows in hyperbolic 3-manifolds obtained by Dehn surgery on closed orbits
of suspensions or geodesic flows [Go], [Ch], but very little is known about them.
In particular, almost nothing is known about their global structure. The main
difficulty is that in the SF'S case, the fundamental group has a distinguished cyclic
normal subgroup, which forces a rigid structure to the flow; and a similar situation
occurs for manifolds with solvable fundamental group and for graph manifolds.
There is no such structure in the fundamental group of hyperbolic 3-manifolds. In
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addition, when considering the geometry, hyperbolic manifolds are locally isotropic,
as opposed to SFS.

In order to analyse Anosov flows in hyperbolic 3-manifolds we try to relate them
to various fruitful tools in hyperbolic geometry. The standard strategy for studying
objects in hyperbolic 3-manifolds is to lift to the universal cover, and then there
is a rich structure available. The universal cover is hyperbolic 3-space (H?) which
is compactified with a sphere at infinity (S2), producing a closed 3-ball. Tt is
of fundamental importance for hyperbolic 3-manifolds to understand the interplay
between objects in H? and their accumulation points in S2, (their limit sets).
Following this philosophy, we consider orbits of the flow lifted to the universal cover
and in particular their asymptotic behavior, that is, how they approach the sphere
at infinity. By the shadow lemma [Bol], [Bo2], such orbits are always properly
embedded in H?, so there are two fundamental questions to ask concerning such
orbits: The first question is whether flow lines extend continuously to the sphere at
infinity. The second, stronger question is about the quasigeodesic behavior of flow
lines, which will be the main hypothesis in this article.

Recall that a curve is a quasigeodesic if it is efficient up to a bounded multi-
plicative distortion in measuring distance in relative homotopy classes [Thl]. A
flow is quasigeodesic if all flow lines are quasigeodesics. In hyperbolic manifolds
quasigeodesics have the fundamental property of being a bounded distance from
true geodesics (in the universal cover) [Thl]. This makes them extremely impor-
tant, as was demonstrated by Thurston [Thl], [Th2], [Mor] in the proof of the
hyperbolization theorem for Haken manifolds.

In this article we will assume the quasigeodesic hypothesis for an Anosov flow
in a hyperbolic manifold, and then see the consequences for the limit sets of lifts
to the universal cover of the stable and unstable leaves associated to the flow. We
stress that at this point there are no known examples of quasigeodesic Anosov flows
in hyperbolic 3-manifolds, and in fact one fundamental question is whether it is at
all possible that such flows are ever quasigeodesic. Our strategy is to assume the
quasigeodesic hypothesis to get an idea of how a quasigeodesic flow would look. In
fact this procedure can be used to guess properties of general Anosov flows. This
was done very successfully in [Fed]: the quasigeodesic hypothesis produced results
about the topological structure of the stable foliation in the universal cover (of
particular interest are its non-Hausdorff points), and much later the same results
were proved in [Fe8] without assuming quasigeodesic and even without assuming
that the manifold is hyperbolic (or flow transitive, for that matter). This had many
important consequences: for instance a characterization of suspensions of Anosov
flows up to topological conjugacy as the only flows which do not have (nontrivial)
free homotopies between closed orbits of the flow [Fe8]. In addition, this detailed
study of the quasigeodesic hypothesis may in fact prove that there are no such
flows. To sum it up: the question of whether there are quasigeodesic Anosov flows
in hyperbolic 3-manifolds is still very much undecided—a very important and hard
question.

From another perspective, notice that there are many examples of quasigeodec
pseudo-Anosov flows in hyperbolic manifolds. Pseudo-Anosov flows are (roughly)
those flows which have Anosov behavior, except that one allows p-prong singularities
along finitely many closed orbits. The known examples are: (1) Suspensions of
pseudo-Anosov homeomorphisms of surfaces [Ca-Th]. (2) If the second homology
of the manifold is nontrivial then there are many quasigeodesic pseudo-Anosov flows
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almost transverse to finite depth foliations [Fe-Mo]. The quasigeodesic property is
very useful and was used by Mosher to study Thurston norms of the homology
in [Mol], [Mo2], [Mo3]. The proof of result (2) is constructive: such manifolds
have incompressible surfaces, sutured manifold hierarchies and Reebless foliations,
and the flows are (almost) tranverse to such foliations. This is one big difficulty
in understanding Anosov flows, because they can never be transverse to closed
hyperbolic surfaces. In addition there are many examples of Anosov flows in non-
Haken hyperbolic manifolds. The whole difference between Anosov and pseudo-
Anosov flows is the freedom allowed by the introduction of prongs, which makes
pseudo-Anosov flows very flexible. This difference is fundamental for the study
of the quasigeodesic property (and for many others too). Still there are a lot of
similarities between Anosov and pseudo-Anosov flows. For instance, many of the
results of this article most likely will hold for quasigeodesic pseudo-Anosov flows—
even though this will depend on understanding the local structure of branching for
the stable/unstable foliations of a pseudo-Anosov flow in the universal cover—not
a trivial matter.

So let ® be an Anosov flow in a 3-manifold M with negatively curved fundamental
group [Gr]. These are generalizations of hyperbolic 3-manifolds, where many of the
same metric constructions work just as well [Gh-Ha]. The universal cover M is
homeomorphic to R? and is compactified with a sphere at infinity (S2). The
stable and unstable foliations of the Anosov flow ® in M lift to two dimensional
foliations by topological planes in M, which are denoted by F*® and F*. We proved
in [Fe3] that the quasigeodesic property for ® implies that leaves of F* and FU
extend continuously to S2,, giving continuous parametrizations of their limit sets.
We remark that this continuous extension property can be defined for any Reebless
foliation in a 3-manifold with negatively curved fundamental group, and it has been
proved for fibrations [Ca-Th] and for many depth one foliations [Fel].

We say that ® is R-covered if one of F* or F* has Hausdorff leaf space, in
which case both leaf spaces are homeomorphic to the set R of real numbers [Fe3).
Notice that we proved in [Fe3] (see also [Fe4]) that if ® is R-covered then ® is not
quasigeodesic. When @ is R-covered it also follows that the limit set of every leaf
Fin F? or F" is the whole sphere. Almost nothing is known about limit sets in the
non-Hausdorff case. The purpose of this article is to analyse these limit sets. We
show that the quasigeodesic hypothesis has strong consequences for the structure of
the limit sets. We remark here that (in the case of a hyperbolic ambient manifold)
there are many examples of Anosov flows where the leaf space of F* is Hausdorff
[Fe3] and also many examples where it is not Hausdorff [Fe8]. In [Fe8] we analysed
the limit set of a single leaf and showed that if ® is not R-covered and leaves of F*
and F* have the continuous extension property, then for any leaf F', its limit set is
a Sierpinski set.

In this article “global” is used to refer to the collection of all limit sets of leaves,
and “local” refers to how limit sets of nearby leaves are related and the intersection
of distinct limit sets. Our first result shows that the quasigeodesic hypothesis
implies that the union of all limit sets is not the whole sphere:

Theorem A. Let & be an Anosov flow in M3 with negatively curved fundamental
group. Suppose that ® is quasigeodesic. Then there is a group invariant subset £ of
S2 consisting of fized points of covering translations of M and so that, for every
leaf F' of Fs or .7?“, the limit set of F' is disjoint from &.
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We then analyse how limit sets change as the leaves vary. We show that quasi-
geodesic behavior implies a continuous relation:

Theorem B. Let ® be an Anosov flow in M?> with negatively curved fundamental
group. Suppose that ® is quasigeodesic. Then the limit set Ap, as a function of
F € F*, forms a continuous map into the set of all closed sets of S with the
Hausdorff topology.

Finally we analyse the situations in which limit sets of different leaves intersect.
This provides a picture of the geography of the collection of the limit sets in S2 .
Since leaves extend continuously to S% . all limit points of F' € F* are obtained
from ideal points of flow lines in F. Therefore this boils down to understanding
when flow lines have an ideal point in common. Given F € F*, let 14 (F) be the
common forward limit point of all flow lines in F' (which are forward asymptotic),
and similarly define n_(G) for G € F*. Then we are lead to understand when the
equality 74 (F) = ny(L) holds, for F,L € F*. The case n.(F) = n_(G) can be
reduced to this one; see section 5. We prove:

Theorem C. Let ® be a quasigeodesic Anosov flow in M? with negatively curved
fundamental group. Let F,L € F* be such that N4+ (F) = n4(L). Then one of the
following alternatives happens:

(1) F=1L;

(2) F # L. Then F, L are the extremities of a finite chain of stable or unstable
leaves, so that consecutive leaves in the chain are either in the same foliation and
are not separated from each other (in the leaf space of their foliation), or are in
distinct foliations and are “asymptotic” to each other. In general if any leaf of the
chain is periodic, then all leaves in the collection are periodic and left invariant by
a common nontrivial covering translation. In particular this happens if there is a
pair of consecutive leaves in the chain which are not separated from each other.

Finally the converse is also true, that is, if F,L € F* satisfy (1) or (2), then

N4+ (F) =n4(L).

We refer the reader to section 5 for a detailed explanation of the terms and
conditions in this result.

The key fact repeatedly used in proving all of these results is that if the flow
is quasigeodesic, then knowledge of a limit point of a flow line implies a good
knowledge of where this flow line is. This cannot be assured when one only assumes
the continuous extension of leaves of F*, F“ to S%..

As the proofs of the theorems will show, all these properties of limit sets are
strongly related to the topological structure of the foliations F 5, Fin M. Therefore
the geometry (that is, the limit sets) is reflected by the topological structure of the
flow.

We also prove the following result, which is of independent interest. There are
no assumptions on the manifold or on the metric properties of flow lines.

Theorem D. Let ® be a transitive Anosov flow in M3. Then there are many

elements of the fundamental group of M which cannot be represented by closed
orbits of @.
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2. PRELIMINARIES

Let ®, : M3 — M?3 be a nonsingular flow in a closed Riemannian manifold M?3.
The flow ® is Anosov if there is a continuous decomposition of the tangent bundle
TM as a Whitney sum TM = E° @ E% @ E* of D®, invariant one dimensional
subbundles and there are constants g > 1, 1 > 0 so that:

i) EC is tangent to the flow,

ii) |[D®:(v)|| < poe#**||v|| for any v € E*, t >0,

iii) [|DP_;(v)|] < poe *t||v]| for any v € E*, t > 0.

The foliations F*¢, F“*  called strong stable (F*°) and strong unstable (F*%),
are obtained by integrating £ and E*. The bundles E'® E* and E° ® E* are also
integrable [An], producing 2-dimensional foliations F*, F* which are the stable and
unstable foliations of the flow.

The leaves of F*, F* are topological planes, annuli, or Méebius bands. The last
two correspond exactly to leaves containing closed orbits of ®. The flow is transitive
if the periodic orbits form a dense subset of M. Equivalently, every leaf of 7* or
F* is dense [An],[P11].

Let 7 : M — M be the universal covering space of M. This notation will be
fixed throughout the article. The Anosov foliations F*, F* lift to foliations by
topological planes F*, F* in M [No]. Hence M is homeomorphic to R* [Pa] and
M is irreducible. The induced flow in M is denoted by 3.

Let O be the orbit space of ® obtained by collapsing flow lines to points. An
important property which will be often used is that O is Hausdorff and therefore
homeomorphic to R? [Fe3]. F*, F* induce two transverse 1-dimensional foliations
in O. Occasionally we will identify sets in M or orbits of & with their respective
images in O.

Let W#(z) be the leaf of F° containing z. In the same way we define the leaves
W (x), W*s(x), W*(x), W(z), W*(z), W*(z) and W"*(z).

If L is a leaf of F* or F*, then a half leaf of L is a connected component of
L — v, where v is any full orbit in L. If ® is transitive, then the image of any half
leaf of F* or F* in M is dense in M [Fe3].

Since M is simply connected, it follows that fi’, Fu are always transversely
orientable. We fix transversal orientations. For p € M, let W3 (p) be the half leaf

of Ws(p) defined by ®g(p) and the positive transversal orientation to F* at p.
Similarly define W2 (p), Wi(p) and W*(p). If L € F* U F", then the front (back)

side of L is the component of M — L defined by the positive (negative) transversal
orientation to L.
General references for Anosov flows are [An] and [Sm].

3. LIMIT POINTS OF FLOW LINES

We first prove that in general there are many distinguished covering transla-
tions of M which are not associated to closed orbits of the flow ®. There are no
assumptions on the manifold and no quasigeodesic assumptions on the flow.

A branching pair F,L € Fs (or f“) is a pair of leaves not separated in the
respective leaf space. We say that a branching pair F, L produces branching in the
positive direction if they are not separated on their negative sides. Similarly we
define branching in the negative direction.
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A leaf L of F* or F* is invariant under a covering translation g if g(F) = F. Tt
is almost invariant under g if F and g(F') are not separated in the respective leaf
space.

Proposition 3.1. Let ® be a transitive, non-R-covered Anosov flow in M3. Let
F € F* and let g be a covering translation preserving the transversal orientations
to .%S,.%“ and satisfying: F and g(F) do not intersect a common unstable leaf and
either g(F) is in front of F and F is in back of g(F) or vice-versa. Then g has
neither invariant nor almost invariant leaves. Therefore g is not associated to a
closed orbit of ®. In addition, for any F € F* there is a g satisfying the above
hypothesis.

Proof. By taking a finite cover if necessary we may assume that F°, F* are trans-
versely orientable. Therefore any covering translation preserves the transversal
orientations to F°, F*. This fact will often be implicitly used in this and other
subsequent proofs.

Since @ is not R-covered and @ is transitive, the main theorem of [Fe7] implies
that both F$ and FU have branching in the positive and negative directions. Let
F € F* and let G', H' € F*, which are not separated in their negative sides. After
switching G’ and H’ if necessary we may assume that there are F1, Fy € F* with
E5 in front of By and G’ NE; # 0, H N Ey # (). Since ® is transitive, there is
a translate G of G’ with G N I # (. The corresponding translate H of H' is not
separated from G and is in front of F' (see fig. 1). Let Fy € F* with H N F; # (.

Now let Go, Ho € F* be not separated in their positive sides and so that G is
in front of H, G2 N F1 # 0, and there is Fy € F*, Fy in front of Fy and Hy N Fy # 0;
see fig. 1. Since G and H are not separated, there is a transversal to F* from F to
Fy and by the same reason a transversal from Fj to F.

Choose a translate g(F) N Hy # (. Hence there is a transversal from F' to g(F').
Notice that H separates F' from g(F); therefore F and g(F) do not intersect a
common unstable leaf.
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From now on, all we need is that ¢ is a covering translation for which there is
some F € F* with g(F) in front of F and F in back of g(F) and so that F and
g(F) do not intersect a common unstable leaf.

For any n € Z it follows that g"(F) is in the back of g"™(F) and ¢g"*1(F) is in
the front of g"(F"). Let C, be the back of g™ (F'). Suppose that C = |J,,cn Cn # M.

Then C is an open, connected, F* saturated proper subset of M. Let L be a leaf
in 0C, and let V € F* with V N L # 0. Then, for n big enough, ¢g"(F) NV # (.
Hence g"(F) and g"T!(F) intersect V, implying F and g(F) intersect g~ "(V)—a
contradiction. B

This implies that for any L € F* there is a unique n € Z so that either L = g™ (F')
or L is in front of ¢"(F) and in back of g"T*(F). In the first case L is clearly
separated from g(L). In the second case g"T!(F) separates L from g(L). We
conclude that there are no almost invariant leaves of F* under g.

Finally, if ¢ is associated to the closed orbit v of ®, then there is a lift F' of
W#(~) so that g(F) = F. This contradicts the above arguments and finishes the
proof. O

Remarks. (1) The fact that g has no almost invariant leaves (which implies no
invariant leaves also) shows that the action of g in the leaf space of F* has an
invariant azis [Ba2], which can be shown to be homeomorphic to the real line.
Using results of [Fe8], one can then show that the action on the leaf space of Fu
also has no almost invariant leaves. The invariant axis for the action in F* will not
be Hausdorff.

(2) It is easy to prove proposition 3.1 for R-covered Anosov flows, which are not
topologically conjugate to suspensions of Anosov flows. More precisely, given the
topological description of R-covered Anosov flows in [Fe3], it follows that proposi-
tion 3.1 holds for any transitive Anosov flow, so that there is a leaf of F* which does
not intersects every leaf of F*. Barbot showed that, up to topological conjugacy,
suspensions are the only flows which fail this last condition [Bal].

We assume from now on that 7y (M?3) is negatively curved [Gr]. Gromov showed
that there is a canonical compactification of M with an ideal | boundary OM. Since
M is irreducible, Bestvina and Mess [Be-Me] proved that &M is homeomorphic to
a sphere, denoted by S2 . Furthermore, MU S2_ is homeomorphic to the closed
3-ball [Be-Me]. Basic references for negatively curved groups are [Gr], [Gh-Ha].

Sullivan [Su] proved that the intrinsic geometry of the leaves of F* and FU is
negatively curved in the large [Gr]. Then any leaf L € FSUF" also has a canonical
compactification with an intrinsic ideal boundary 0L [Gr]. We proved in [Fel]
that O, L is always homeomorphic to a circle, denoted by S, usually without
reference to the particular leaf we are considering. We stress that S. will always
be the intrinsic ideal boundary of L and not its image in OM when the leaf extends
continuously to OM. Furthermore, S is defined independently of whether & is
quasigeodesic or not.

If L € F*, then the intrinsic ideal points correspond to the (distinct) negative
limit points of flow lines in L and to the common positive point of all flow lines
[Fe3]. The intrinsic geometry of L € F* resembles that of the hyperbolic plane H?,
where the flow lines correspond to the geodesics in H? which have a common limit
point in the ideal boundary of H2. Analogous results hold for Fu.
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Definition 3.2. A quasi-isometry is a map p : (Q,d) — (Q’,d’) between metric
spaces for which there is k > 1 so that, for any z,y € Q,

max(d(p(z), p(y)),d(z,y)) > k

1
Then we say that p is a k-quasi-isometry.

Definition 3.3. A quasigeodesic curve in @ is the projection to @ of the image of
a quasi-isometric embedding p: A — @, where A is an interval in R, finite or not,
and @ is the universal cover of ). The metric in A is induced from arc length in
@. A nonsingular flow in @ is quasigeodesic if all flow lines are quasigeodesics. A
k-quasigeodesic is the image (in @) of a k-quasi-isometry.

Given a bi-infinite k-quasigeodesic in M, any lift to M is a bounded distance
from a minimal geodesic of M [Gr]. The bound depends only on k and how much
m1(M) is negatively curved. As a result the quasigeodesic has two distinct limit
points in S2 [Gr, section 7.2]. Infinite quasigeodesic rays also have a well defined
limit point.

Definition 3.4. The limit set of a subset B of M is Ap = BN S2, where the

[o oR)

closure is taken in M U S2.

Usually B will be a leaf of F* or Fu.

In [Fe3] we proved that ® being quasigeodesic in M? with (M) negatively
curved implies the following: if L is a leaf of FSUF" then the embedding ¢ : L — M
extends continuously to ¢ : LU SY — M U S2 . In particular, Ay = ¢(SL), giving
a continuous parametrization of the limit set of each leaf. If this weaker property
happens for all leaves of F* and f“, we say that ® (or fs, .7?“) has the continuous
extension property.

In [Fe3] we show that if ® has the continuous extension property (in particular,
when ® is quasigeodesic), then there is a continuous function

n+ - M — Sie m(w) = tlgglo ‘f’t(iﬂ)-

The same notation will be used for the corresponding function O — S2 ; that is,
77+(€I;R($)) = 14 (). In addition, for any z,y € F € F*, we have 1y (z) = n4(y);
hence we denote this by 7, (F). Similarly define _ and 1_(G) for G € F*.
Notice that if ® is quasigeodesic then 74 (z) # n—(z) for any = € M. This is
a fundamental property which does not work in general when only the continuous
extension property is assumed, for instance in the case of R-covered Anosov flows
Fe5|.
| E]very Anosov flow in M3 with 71 (M) negatively curved is transitive [Fe4]. Hence
if the Anosov flow is quasigeodesic, there is &k > 0 so that all flow lines of ® are
uniformly k-quasigeodesics. Then all flow lines (in M ) are a globally bounded
distance R > 0 from corresponding minimal geodesics. We will use the following
result:

Theorem 3.5 ([Fed], [Fe8]). Let ® be a quasigeodesic Anosov flow in M?> with
negatively curved fundamental group. Then
i) @ is not R-covered, that is, F° and F* have branching;
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it) the limit set of any F' € FSUFY is a Sierpinski curve, that is, the complement
of a countable dense union of open disks in S2,.

Given a covering translation g of M ,let Att(g) € S% be the attracting fixed point
of g. Let Rep(g) be the repelling fixed point of g and let Fixz(g) = Att(g) U Rep(g).

Theorem 3.6. Let ® be a quasigeodesic Anosov flow in M3 with negatively curved
fundamental group. Let g € m(M). If Fix(g) N Ap # 0 for some F € F* U F*,
then the covering translation g corresponds to a closed orbit of ®. Hence there is a

periodic orbit ¢ of ® with g(¢) = ¢ and n4(¢) = Att(g),n—(C) = Rep(g).

Proof. Let F € F* be such that Att(g) € Ap, and let ¢ = Rep(g). Since p € Ap,
there is a flow line v of ® in C F with either n4(y) = p or n—(y) = p. Suppose

1+ (7) = p, the other case being similar. Let z = n_(y) # p. Let v, = g"(v),n < 0.
Then

zn=9g"(2) =g"(n-(7) =n-(9" (7)) — ¢, asn — —oc.

Let o, be a minimal geodesic in M with endpoints p, z,. Since z,, — ¢ and M is
negatively curved in the large, we may choose a subsequence a,, — «, where « is a
minimal geodesic with endpoints p, ¢ [Gr], [Gh-Ha]. Let y € a. As d(vn,an) < R,
then for any n big we may choose z,, € v, with d(x,,y) < R+ 1. Up to a further
subsequence we may assume that z, — = € M. Then € LeF and

ny(z) =p, n-(z) =g,

because 77— and 74 are continuous. Let § = &)R(x) and let 8, = g™ (), so n—(Bn) =
q, N+(Br) = p. Proposition 4.9 of [Fe4] implies that there are only finitely many
distinct 3,. Hence there is m with ¢"™(8) = /3, which implies that L = Ws(ﬁ) is
periodic under g, ¢ (L) = L. Since F* F* are transversely orientable, proposition
3.1 of [Fe6] implies that g(L) = L. Therefore g is associated to a closed loop in 7(L).
But m(7(L)) is generated by the closed orbit of ® in 7(L); hence g corresponds to
a multiple of this closed orbit. This finishes the proof. O

Given u € S2, and F € .7?57 we say that the ideal point w is above F if u & Ap
and there is a neighborhood U of u in M U S2. so that U N M is in front of F.
Similarly we define u is below F. If Z is a connected component of AS = S2 — A,
we say that Z is above F if Z only contains points of S2 above F. Similarly we
define Z below F. Notice that any component of A% is either above or below F'.

Corollary 3.7. Let ® be a quasigeodesic Anosov flow in M3 with negatively curved
fundamental group. Let g € m (M) be such that there is F € F* so that g(F) is
in front of F, F is in back of g(F) but F and g(F') do not intersect a common

unstable leaf. Then Fixz(g)NAp =0 for any L € F* or Fu. The set of fized points
of these covering translations produces a nonempty, m (M) invariant subset of S2,

which is disjoint from the union of all limit sets of leaves of F° and F*.

Proof. By proposition 3.1, g is not associated to a closed orbit of ®. The previous
theorem implies that Att(g) ¢ Ap for any L € F* or F*. Hence Att(g) is either
above or below F. Let z € F. The ¢"(F),n > 0, are all above F. But ¢"(z) —
Att(g). This shows that Att(g) is above F'. Similarly for Rep(g). O
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4. LIMIT SETS VARY CONTINUOUSLY

In this section we show that limit sets of stable leaves vary continuously in the
sphere at infinity. Analogous results hold for the unstable foliation.

Definition 4.1 (Hausdorff topology). Let P be the set of closed subsets of a Haus-
dorff space ). The Hausdorff topology on P is defined by: if B; € P for ¢ € N then
B, — B € P if the following 2 conditions are satisfied:

(i) For any « € B there is a sequence {x;};,en with z; € B; and ; — « as
1 — 400.

(ii) Let x; € B;,, where i; — oo when j — oco. If z; is a convergent sequence in
Q, then its limit is in B.

When (Q, d) is a compact metric space, the geometric topology on P is the same
as the topology given below. For any set A C @ and e > 0, let

N(Aje) = {z Q| d(A ) <€}
For any subsets A, B of M define
d(A,B) = ir>1% {e| ACN(B,¢) and B C N(A,e) }.

Then d is a metric in P(M) defining the Hausdorff topology.

Our goal is to show that the limit sets Ap, F' € F*, vary continuously in the
Hausdorff topology. Since the leaf space of F* is usually not Hausdorff, we will
specify what we mean by continuity of limit sets.

We say that F; € F° converges to L € F°, if for any neighborhood U of L one
has F; € U for big enough ¢. The total limit of a convergent sequence is the union
of all limits of the sequence and is denoted by 7 L(F;). A sequence is monotone if
either for all ¢ big enough Fj is in front of F;_; or for all ¢ big enough F; is in back
of Fi—l'

The structure of the set By, of leaves not separated from L € F* and on a given
side of L is as follows [Fe8]: Let E', E” € Br. Let G',G” € FU with G' N E’ # 0,
G”"NE” # (. We say that ' < E” in Bg, if G’ is in the back of G”. We proved
in [Fe8] that with this order By, is either finite or isomorphic to Z. The notation
is B, = {Lj}jescz, where L; < L; if i < j. This works irrespective of M being
hyperbolic or not.

When 71 (M) is negatively curved we proved that By, is always finite, irrespective
of ® being quasigeodesic or not. The notation will be By, = {L;},1 <1i < n.

Our goal is to show that if ® is quasigeodesic and By is the total limit of a
monotone convergent sequence F; € F° as ¢ — oo, then U?Zl Ap; is the limit of
Ap, in the Hausdorff topology.

Theorem 4.2. Let ® be an Anosov flow in M? with negatively curved mwy(M).
Suppose that ® has the continuous extension property. Let {F;} be a monotone,

convergent sequence in F* and let U1<j<n{Lj} be its total limit. Suppose that Ap,
converges in the Hausdorff topology. Then

U AL]. C lim AF,V
1—00
1<j<n

Proof. Let p € U1<j<n Apr;. Without loss of generality assume that p € Ay, and
let L = L;. Assume also that the F; are all in back of L.
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Assume first that p = n_(z) for some z € L. Then W (x) intersects F; for all
i big enough. Let y; = W”j“(:z:) NF;. Since z € WU (yi), then n_(x) = n_(y;) € Ar,
for all ¢ big enough, so in fact p € Ap, for all ¢ big enough, and clearly p is in the
limit of Ap, in the Hausdorff topology.

If on the other hand p = n4 (L), then let z € L, so p = n4(z). For big 4, let
Yi = Wﬁ“(z) N F;. Then y; — z in M, so N+(2) = lim;— oo N+ (y:). So clearly
z € lim; AFW O

This was an easy fact. In general limit sets could explode in the limit, so to get
the converse subset relation, we will need to have better control of where flow lines
roughly are. In order to achieve that we will assume quasigeodesic behavior.

Theorem 4.3. Let ® be a quasigeodesic Anosov flow in M3 with w1 (M) negatively
curved. Let F; be a monotone, convergent sequence in F° and let J,<;<,, L; be its
total limit. Then A, converges in the Hausdorff topology, and o

U AL]. = hm AF,V

- 1—00
1<j<n

Proof. Let A = Ulgjgn Ap; and L = L;. Let z € A. The proof of the previous
theorem shows that there is a sequence y; € Ap, with y; — z.

Conversely, let g, in the limit set of F; with ¢, — ¢ € Sgo and i,, — oco. We want
to show that ¢ € A. If g, = n4(F;,) for infinitely many n, then as ny (F;,) — n4(L)
we would get ¢ € A, C A.

So we assume that ¢, = n—(z,), where x,, € F;,. If ¢, — n4+(L), we are done.
So assume g # n4(L). We will use the following facts about spaces which are
negatively curved in the large [Gr], [Gh-Hal:

(1) There is an €; > 0 so that for any u # v € S% and any two minimal geodesics
a1, g with ideal points u, v it must be true that o and as are at most €; apart
(that is, a1 C N(ag,€1) and ag C N(av,€1)).

(2) Let uw # v € S2 and w;,v; € MU S2 with w; — u, v; — v. If the ;
are minimal geodesics (or minimal geodesic segments or minimal geodesic rays)
connecting u; and v;, then there is a subsequence v, , converging (in the Hausdorff
topology of MU S2.) to a minimal geodesic  connecting u and v.

(3) These two facts imply the following: Let 2 be a point in a minimal geodesic
with endpoints u,v € S%. For any €z > 0 there are disjoint neighborhoods U,V
of u,v in MU S2. so that any minimal geodesic o with endpoints in «' € U and
v’ € V intersects N (z, €1 + €3).

So let v be any minimal geodesic of M with endpoints 7+ (L) and ¢q. Choose
x € . Suppose that ~, are minimal geodesics of M with endpoints 74 (z,) and
N—(%n) = qn. As ® is k-quasigeodesic, it follows that ®g(z,) C N(7,, R) for all
n. Since ny(z,) — n4(L) and n_(z,) = ¢, — q # 1+ (L), fact (3) above implies
that for big enough n, v, intersects N(z, e + €2). Therefore ®g(z,) intersects
N(xz,e1 + €2 + R). Let y, be a point in this intersection, and up to a further
subsequence assume that y, — y € M. As 7— is a continuous function in M , it
follows that 17— (yn) — n-(y). But n-(yn) = n—(2n) = ¢n. So ¢ =n-(y).

On the other hand, y, € F; , and y, — y implies that y € £ € F°, so E €
TL(F;,). Therefore y € L; for some 1 < j < n. This implies that ¢ = n_(y) € Ar;.
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]

FIGURE 2. (a) Perfect fits in the universal cover. (b) Lozenge.

We conclude that lim Ap, exists and is equal to (J,;,, Ar,. This finishes the

J

proof. O

5. INTERSECTION OF LIMIT SETS

Suppose that @ is quasigeodesic. In this section we completely determine when
ArpN AL # 0, for leaves F, L € F* or F*. Since Ap = ¢pp(9ooF') and Joo F' consists
of intrinsic ideal points of flow lines in F', then nontrivial intersection implies that
there are flow lines in F, L which share an ideal point in S2 . The strategy is to
use the quasigeodesic property to determine exactly when flow lines share an ideal
point. We need a few preliminary definitions:

If Ly is a half leaf of F € F* or F* defined by the orbit v of :13, then its closure
is Ly = L U {y} and its boundary is Lo = {7}. If 3,~ are two distinct flow lines
of @ in a leaf L of F* or f“, then the flow band defined by (3, is the connected
component B of L — {~, 3} which is not a half leaf of L. The closed flow band is
B = BU{B,v}, and its boundary is 0B = {3, 7}.

Definition 5.1 (perfect fits). Two leaves F' € ]T'S,G € F form a perfect fit if
FNG = V)~and there are open half leaves Fy of F' and Gy of G and flow bands
LoC L e F®and Hy C H € F“ so that

ZQ n 60 =0LgN 6GO,ZQ n ﬁo =0LgN (9H0,ﬁ0 n FQ = 0HyNIFy,

VSeF* SNLy#0 < SNFy#0
and

VEe€F* ENGy#0< ENHy#0.

We also say that F' and G are asymptotic in the sense that leaves of F* near F and
on the side that G is on, will intersect G, and vice versa.

Definition 5.2 (Lozenges). Let p,q € M,pé Ws(q), pée W“(q) Let H, be the
half leaf of W*(p) defined by ®r(p) and contained in the same side of W*(p) as gq.
Similarly define H,. Also define L, to be the half leaf of W*(p) defined by ®r(p)

on the same side of W“(p) as ¢. Similarly define L,. Then p, g form a lozenge, fig.
2(b) if Hp, Ly and Hy, Ly, respectively form perfect fits.
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FiGUurE 3. Identification of ideal points in a stable leaf generates
a chain of lozenges connecting unstable leaves.

F

We say that p,q are corners of the lozenge. Two lozenges are adjacent if they
share a corner and there is a stable (or unstable) leaf intersecting both interiors. A
sequence of lozenges Z; forms a chain if each Z; and Z;;; share a corner. Consec-
utive lozenges may be adjacent or not.

Theorem 5.3 ([Fe8]). Let ® be a non-R-covered Anosov flow in M3, closed. Then
if F, L is a pair of branching leaves of fs, there is a nontrivial covering translation
g leaving both of them invariant. Hence F, L are periodic. In addition, the periodic
orbits in F, L are connected by a chain of adjacent lozenges all of which intersect a
common stable leaf. There are an even number of lozenges in the chain.

The following result specifies exactly when different flow lines in the same stable
(or unstable) leaf have the same ideal points. It is the fundamental tool used in
this section.

Theorem 5.4 ([Fed]). Let ® be an Anosov flow in M?> with negatively curved
m1(M). Suppose that ® is quasigeodesic. Let x,y € F € F* be not in the same flow
line of ® and satisfy n—(x) = n_(y). Then W“(x), W“(y) (which are not the same
leaves) are periodic, fized by a common covering translation g, and the periodic or-
bits in W“(x), W“(y) are connected by a chain of adjacent lozenges, all intersecting
F. There are an even number of lozenges in the chain; see fig. 3. Analogous results
hold if Ny (z) = ny(y) and z,y € G € F*.

Lemma 5.5. If F,L,G € Fs (or f“), pe€ ArpNAL and G separates F' from L in
M, then p € Ag.

Proof. If p & Ag, let U’ be a neighborhood of p € MU S2_ disjoint from G. Since
p € ArNAg, there are x € FNU and y € LN U. Then = can be connected to y
in U and hence G does not separate F' from L, a contradiction. O

Lemma 5.6. Let ® be an Anosov flow in M3 with w1 (M) negatively curved and
so that ® has the continuous extension property. If F, L are nonseparated leaves in
F5, then ny (F) = ny(L). Similarly for F*. In addition, if F € F* and G € F*
form a perfect fit, then ny(F) = n—(G).

Proof. The first statement follows from the proof of proposition 4.9 of [Fed]. For
the second part let A = 5R(C1), where (; is a strong stable segment, B = 5R(Cg),

where (5, is a strong unstable segment; and let Fj, Gy be half leaves of F and G so
that A, B, Fy, Gy satisfy the requirements of perfect fits.
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Let x = 0o N F and let x; € Cg with z; — z. Hence () # Ws(xz) NGy = .
Then ~y; is a collection of orbits of ®in G. If v; does not escape in G, this limit
is on an orbit « of $ in G. Consequently WS( ) and F are not separated in .7-' s
hence they do not intersect a common transversal to F*. Notice that F # WS( ).
Since v C G, for y € (1 near enough 9¢; N G we have W"(y) N WS(W) # (; hence
W“(y) N F = (. This contradicts the fact that for any v’ € (3, W“(y’) NFy #0.

Therefore the intrinsic positive limit points of «y; in J- G converge to the intrinsic
negative limit point of G in 0, G. Since the map ¢ : G — M extends continuously
to ¢ : GUOsG — MU SZ | then 1y (i) — n—(G).

On the other hand, since 74 is a continuous function then 74 (z) = limny (z;)
as i — oco. As v C W5(x;), then 14 (i) = n4(2:). We conclude that 7y (F) =
14+ (2) = n—(G). This finishes the proof. |

This result shows that whenever S, R € Fs or F* are either nonseparated or
form a perfect fit, they share a limit point in S2 . The same is true for sequences of
leaves such that consecutive leaves satisfy one of the above conditions. The main
result of this section states that when in addition ® is quasigeodesic, this is the
only possibility for limit sets to intersect.

Theorem 5.7. Let ® be a quasigeodesic Anosov flow in M3 with negatively curved
fundamental group. Let z,y € M not in the same orbit offl) be such that ny(x) =
N+ (y). Let F = WS( ),L = WS( ). Then one of the following mutually exclusive
alternatives happens:

(1) F=1L.

(2) F # L but they intersect a common unstable leaf G. In this case, F,L
are periodic, invariant under a nontrivial covering translation g, and the periodic
orbits in F, L are connected by an even chain of adjacent lozenges all intersecting
G. Notice that x,y may be in G.

(8) F # L and F,L do not intersect a common unstable leaf. Then there is a
sequence of leaves S;,0 < i < m, with S; € Fs or f“, such that So = F, S, =
and for each 0 < i < m, either S; and S;+1 form a perfect fit, or S;, Siy1 are in
the same foliation (stable or unstable), in which case they are nonseparated leaves
in this foliation.

In general if any leaf S; is periodic, then all leaves in the collection are periodic
and invariant under a common nontrivial covering translation. Then the periodic
orbits in F, L are connected by a chain of lozenges, not necessarily all adjacent. In
particular, this happens if there is any branching in the sequence.

Proof. Case (1) is obvious since all flow lines in F are forward asymptotic. In case
(2)let z € FNG and let w € LNG. Then n4(2) = ny(x) = n4(y) = ny-(w) and
W“(z) =W (w). The result now follows from theorem 5.4.

Suppose then that F' and L do not intersect a common unstable leaf. Let p =

N+(x) = n4(y). Let
C={GeF* | GNF #0}.

Then C is an open, connected, Fu saturated set and LNC = 0. Since AC is a union of
unstable leaves, it follows that LNAC = () also. Hence there is a unique unstable leaf
H, C OC separating C from L; see fig. 4(a). In particular, H; N L = (). Parametrize
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FIGURE 4. Generating intersection of limits sets of leaves.

the leaves in C by {G, | t € R}, where ¢ increases in the positive direction
transverse to F*. Since leaves of F" separate M , there are two possibilities:

(I) There is ¢ € R so that L is in front of G; for ¢t < ¢ and L is in back of G for
t>c.

If H, is separated from G, then there exist ¢ > 0 and an FU saturated neigh-
borhood U of H; so that U does not contain any Gy for |t — ¢| < e. Since L is
in back of Gy and H; separates L from C, then H; is also in back of Gyc/a-
Similarly, as L is in front of G._. 2, then H; is in front of G._. 3. Since H; is in
the boundary of C, this implies that U/ has to contain some G; with |t —¢| < ¢/2, a
contradiction. Hence H; and G are not separated.

Without loss of generality assume that L is in front of G. the other case being
similar. Then H; is in the limit of G;,t — ¢, t > ¢. Furthermore H; and G, are
not separated on their positive sides; see fig. 4(a).

As Hj separates L from C, it also separates L from F. Since p € Ap N A, by
lemma 5.5, p € Ag,. So p is either n_(H1) or n4(z) for some z € Hy. In the first
case, since H; is not separated from G,, then by lemma 5.6, n_ (H;) = n—(G.) = p.
Let 2/ € GeNF. Since 2/ € W*(z), ny(¢') = ne(z) = p; and since 2/ € G,
n—(2') = 7—(G) = p. This contradicts the fact that ®g(2’) is a quasigeodesic.

Therefore p = n4(z1) for some z; € Hy. But then 7y (Ws(zl)) = n4(F). Since
H, and G, are not separated on their positive sides and ws (z1)NHy # 0, FNG,. # 0,
it follows that F' and Ws(zl) intersect a common unstable leaf. We can then apply
case (2) of the theorem and deduce that F, Ws(zl) are periodic and invariant under
a common nontrivial covering translation g.

Let o the periodic orbit in F and 1 be the periodic orbit in W*(z1). By theorem
5.4, 7o and 7; are connected by a chain of adjacent lozenges B;,1 < ¢ < my, all
intersecting a common unstable leaf. Since G. and H; form a branching pair of Fu
and W#(v9) NG # 0, W#(y1) N Hy # 0, the proof of theorem 4.11 of [Fed] shows
that in fact v9 C G, and 1 C H;. Therefore Ws(zl) NHy =~ = éR(zl), S0 21 1s
in the periodic orbit in H;. Notice that F' forms a perfect fit with a leaf Yy € Fu
which is in the boundary of the chain of lozenges. Furthermore, W#(z;) forms a
perfect fit with a leaf Y7 which is not separated from Yy (Y7 may be equal to Yp).
The leaves Yy, Y7 are in the boundary of the chain of lozenges.
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FIGURE 5. (a) A rectangle in the universal cover, (b) Product region.

In this case n4(z1) = n4(x) = n4+(y). We can then restart the whole analysis
with z; and y.

(IT) Either for all ¢ the leaf L is in front of Gy, or for all ¢, L is in back of G;.

Without loss of generality assume the first option, that is, C is contained in back
of L. Then H; is in the front of all G} and as a result G — H; as t — 400 (and
maybe G; converges to other leaves of F* too); see fig. 4(b). Then n_(G;) —
n—(Hy). But n—(G:) = n—(cy), where oz = Gy N F. Since oy escapes to infinity
in F, then n_(az) — ny(F). We conclude that ny (F) = n_(Hy), so n—(Hy) = p.
Notice that this implies that for any v € H; we have ny(u) # p = ny(z). We
caution the reader that in general Hy and F' do not form a perfect fit. N

If G} has limits on more than one leaf of F*, then it produces branching in F"
and Hy will be periodic. In any case, since m (M) is negatively curved, there are
only finitely many leaves in the set Bp, of leaves of FU not separated from Hj
and in back of H;. Put the following order in By, : given U, U’ € Bp,, choose
E,E' € F* with ENU # 0, E'NU’ # ). Then define U < U’ if E is in back of E.
Assume that L is in front of F', hence H; is in front of F'. Let H be the smallest
element of By, which is in front of F.

Lemma 5.8. F' and H form a perfect fit.

Proof. Let a € H and let {1 be a small open segment in f/[v/fs(a) with one endpoint
in a. Since Gy — H as t — 400, choose (; small enough so that it only intersects
unstable leaves which are in C. Let b be the other endpoint of ;. Then b € Gy for
some t' € R. Let A = ®g(¢1), which is a flow band in W*(a). Let d = W*“(b)NF,
and let (s be the open segment in W““(b) with endpoints b, d. Let B = ®r((2), a
flow band in W*(b). Let F' = W3 (d) and H' = W*(a). We will show that A, B, F”
and H' satisfy the requirements of a perfect fit. By construction

(YeF | YNA£0}={G: |t >t} ={Y e F* | Y NF #0}.

Now let E € F* with EN H’ # (0. Since Gy — Hi as t — oo, then for all ¢
big enough £ N G; # () and Ws(a) N G # (. Choose one such tg. Notice that
FNGy # 0, FNGy # 0, We(a) N Gy, # 0 and W*(a) N Gy # 0. Therefore
F, G, Ws(a) and Gy form a rectangle in M; see fig. 5 (a). Since E intersects Gy,
between Ws(a) and F, then by lemma 4.1 of [FeT7] it also intersects Gy between

W4(a) and F. But the subset of the leaf Gy which is between W*(a) N Gy and
F NGy is exactly B; hence EN B # .
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Conversely, let E € F* with ENB # (). Suppose that ENH’ = (). Let e = ENC(s,
and let 3 be the closed segment in W“u(b) with endpoints e and d. Let r € .

For any t > t/, Gy N W*(a) # () and Gy N F # (). Since W*(r) separates F from
Ws(a), then G; N Wi(r) # (. Consider ry = Gy N Wj_s(r) for t > t'. If r; does not

escape to infinity in W3*(r), then r; — ' € Wf(r) when ¢ — +oo. This would
imply that W*(r') is not separated from Hi; hence W¥(r') € By,. In addition,
W“(r’) < H in the order of By, , because Ws(a,) is in front of Ws(r). Since W“(r’)
does not intersect F', as it is not G; for any ¢t € R, then W"(r’) is in front of F.

This is a contradiction to the definition of H. Hence r; — oo in W*(r).

This implies that if Y € F* and ¥ N Wi(r) # (), then Y = G, for some ¢t > ¢'.
Hence the set

(Y e Fr | Y N W (r) # 0}
is independent of 7 € 3. Therefore 3 is the basis segment of a stable product region
in M (detailed definition in section 5 of [Fe8]); see fig. 5 (b). Theorem 5.1 of [Fe§|
shows that the existence of a product region in M implies that ® is R-covered,

which is a contradiction. Therefore EN B # 0 < EN H' # (.
We conclude that H and F form a perfect fit. O

Continuation of the proof of theorem 5.7.

If B, # Hi, then all leaves in By, are periodic. In that case, since H is
periodic and F, H form a perfect fit, then by lemma 4.3 of [Fe6], F' is also periodic
and invariant under the same covering translations that leave H invariant.

In any case F' makes a perfect fit with H and H is not separated from H;.
Therefore 14 (F) = n—(H) = n—(H1) = n4+(L) = n4(y). Choose z; € Hi; then
n—(z1) = n4(y). Notice that Hy N L = . Let

Ci={EeF | ENnH #0}.

Then L & C;. As before, there is a unique Ly C 9C; which either is L or separates
Cy from L. Using a similar argument as above, we find zo € Ls, so that either
N—(2z2) = n—(21) or ny(22) = n—(2z1). The proof then breaks down into two cases
analogous to (I) and (IT) above.

_ In this way we use induction to produce a sequence z; so that all flow lines
®Rr(z;) have an ideal point in common. Notice that if S; is an unstable leaf (that

is, S; = W¥(z;)), then 1_(z;) = 14 (20), as opposed to 14 (2) = 14+ (20). In addi-
tion there are finitely many leaves not separated from any given leaf of Fs or Fu
(because 71 (M) is negatively curved). Suppose now that y is never achieved, that
is, Ws(zi) # L for all i. The above facts imply that there is an infinite subsequence
ij so that 1y (z;;) = 14 (z). Let F; = Ws(z”) By construction, F; separates Fj_;
from Fj; for all j.

Let G; be the component of M — Fj which contains Fj_1. Let G = U;cn G-
Then G is open, connected and F* saturated. Since y is never achieved, y € G. Let
L* C 3G, which either is L or separates L from G.

Let w € L*. For j big enough, Wf(w) intersects F;. Furthermore, ny(w) =
lim; o n4 (Fj). But 14 (Fj) is constant, so ny (w) = ny(x;;) for all j big enough.
Therefore we can apply case (2) of the theorem and conclude that Ws(w), we ()
are periodic and the periodic orbits in Ws(w), Ws(zij) are connected by a finite
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chain of lozenges. Then L* would be attained through a finite, rather than infinite
process, a contradiction.

We conclude that y has to be attained eventually. Hence there is a sequence
of points zg = x, 21, ..., 2, = y so that for every ¢ one of the following possibilities
occurs: . .

(a) N4+ (zi—1) = n4(2;) and W*(z;_1), W*(z;) are connected by a chain of adjacent
lozenges all intersecting a common unstable leaf; .

(b) n4(zi—1) = n_(2) and there is a leaf V; € F* with V; and W*(z;_;) forming
a perfect fit and V; not separated from W“(zi);

(¢) n—(zi—1) = n+(2;), similar to case (b); and

(d) n—(zi—1) = n—(2:), similar to case (a).

This finishes the proof of the theorem. O

Remark. The case Ws(x),wu(y) different but not separated leaves in F* is in-
cluded in alternative (3) even though the algorithm in the proof of the theorem
will have an additional step that is not necessary. In the first step the algorithm
produces an unstable leaf G making a perfect fit with W#(z) and separating W*(x)
from W#(y). It is an unstable leaf in the boundary of the first lozenge of the se-
quence connecting W#(x) and W#(y). In the second step the algorithm produces
We(y).

The same techniques used in this theorem also tell us when positive and negative
limit points are identified.

Corollary 5.9. Let ® be a quasigeodesic Anosov flow in M3 with w1 (M) negatively
curved. Suppose that n—(x) = ny(y). Let F = W?(y) and G = W*(x). Then case
(3) of theorem 5.7 happens.

Proof. First notice that FNG = (). Otherwise if 8 = FNG, then n_(8) = n—(G) =
N+ (F) = n4(8), a contradiction. Let p = n—(z). As in theorem 5.7, let

C={EcF | ENnG #0}.
Then F ¢ C;. As in theorem 5.7, there is a unique stable leaf Ly C 0C; which
either is F' (in which case we are done) or Ly separates F' from C;. Then p € Ap,.
If p=n4(L1) we can then directly apply theorem 5.7. Otherwise n_(z) = n_(z1)

for some z; € L1, so we can apply the same procedure to z; and y. As shown at
the end of the proof of theorem 5.7, this process eventually stops. This finishes the

proof. |
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